Phenomenological and theoretical aspects of single particle contributions to sum rules derived from commutation relations are considered.
I. INTRODUCTION
We present in this paper a study of phenomenological and theoretical aspects 4\ of single particle contributions to sum rules arising from matrix elements of various commutator algebras.
In all cases, we restrict the invariant momentum transfer, q2 , across these matrix elements to be either zero or small (lq2 i 50.5 GeV2).
The motivation for undertaking this study arose from a calculation by 
(in this paper, J* =-J1 f i J2 for any isospin carrying operator J,), its first derivative with respect to q2, and the first derivative with respect to q2 of the 
-2-were all evaluated at q2 = 0. The sum rules were evaluated in resonance approximation.
With experimentally determined decay widths as input, it was founzthat resonances of spin J 54 were successful in nearly saturating the sum rules. 1 On this basis, it was conjectured in Ref. 1 that damping of small q2 current-induced transitions for which the difference in spin exceeds some moderate value (perhaps AJ -4) might be a general hadronic phenomenon.
Further thought has tempered, to some extent, our enthusiasm for this outlook. It is possible that the underlying reason for the success of the saturated sum rules lies in the subtractive nature of the commutators in Eqs. (1) and (2) . That is, the terms which arise from the two different orderings of the operators in these particular commutators contribute to the sum rule with opposite relative signs. Thus, terms associated with large mass contributions may have little effect on the commutator due to cancellation, although each could be individually large.
Without deeper theoretical understanding, it is not easy to judge the relative importance of these two mechanisms. Conceivably, either can be true to a greater or lesser degree. At any rate, we have been stimulated to examine a phenomenological aspect of this subject, a numerical evaluation of resonance saturated sum rules associated with the equal time charge algebra (3) taken between arbitrary, diagonal single-particle states. This analysis is given in Set tion' II. Our primary aim is simply to ascertain how the numbers come out in light of existing experimental data. As a matter of principle, it is important to keep subjecting relations like Eq. (3) to new experimental tests, even though previous studies2 lead us to accept its validity. The cleanest signal of something wrong with Eq. (3) would be oversaturation, in which contributions to the left-hand side exceed the bound given by the right-hand side.
We also wish to exhibit the problems one encounters in practice while attempting to evaluate the charge algebra sum rules. What are the phenomenological limitations to these sum rules? Finally, we hope to stimulate experimental work in the difficult subject of higher meson and baryon resonances. The sum rules can provide, in individual cases, a quantitative measure of the extent to which further couplings to a given hadron are to be anticipated in order that the sum rule be saturated.
A natural extension of the work (based on Eq. (3)) just described is to apply the same methods to the equal time commutator
where r (the "sigma operator") is assumed for simplicity to carry zero isospin.
As will be described in Section III, this turns out to be impossible. The sum rules which result are not valid because the mathematical procedures used in deriving them are not legitimate. A method suggested by R. Jaffe and coworkers3 for eliminating this difficulty is discussed, and an amended class of sum rules is written down. The emphasis in this Section is almost entirely theoretical.
Thus far, we have discussed the contribution of single particle intermediate states to certain commutation relations evaluated between single -particle states.
In the interest of thoroughness, we devote Section IV to a brief survey of the status of "simpler" commutator matrix elements, in which one or both of the external states is the vacuum state.
The paper concludes in Section V with a summary of our results and a dis- Otherwise we would end up with formulae generally having no realistically obtainable experimental content.
We shall begin with derivations containing enough detail to establish our notation as well as to make the paper self-contained for the reader. 4 Suppose the commutation relation in Eq. (3) is sandwiched between initial and final states IarG,r)>, <ol@ , r)l respectively, where r is a helicity label. In the numerical work to be discussed later, we shall consistently choose a! to be the state of highest weight in its isospin multiplet. 5 For definiteness, we shall assume that it carries charge f 1 in the following derivation. Let us insert an intermediate state consisting of some particle y, not belonging to the same isotopic multiplet as a!, and also sum over the helicity r of particle ok. We find fi -<o$,r)lF5(0)ly++(~r') > <~*(~r')lF:
where the normalization of single particle states is given by <a@ ,r')lolG,r) > = (2n)3 No 5rr, S3@ -<) .
(5) (6) The normalization factor No need not be specified any further in this Section because it will cancel out of our equations. Next, express each axial-charge in -5-terms of its charge density and use translation invariance to carry out the spatial integrals.
As a result, all states a! and y have the same momentumc Thus: if we employ <og,r)l a,A~(0)lrO@t,rl)> = i(pz -p$ <cu~;r)lA~(0)f~"@rf) > ,
along with the PCAC relation
where J: is the pion current6 and Fn s 94 MeV, we obtain c tm;
r,r' (m2 .-@o-P@ 2 NaNyT3@) (~J,+~)(P;-P;)~ + =l. . . .
Upon taking the limit IFI -03, we may relate the above squared matrix elements to decay widths if I m Y -ma! I > rnr. For definiteness, we temporarily take my > ma! f rnr. The association of the above matrix elements with physical decay widths is not exact. The latter are proportional to squared matrix elements having momentum transfer q2 2 =m T, whereas the former have q2 = 0 in the limit IFI -00. We shall assume that the physical decay widths can be used without appreciable error.
7 This is the main point at which we employ the PCAC hypothesis. We can then express Eq. (9) in the form
- 6- where n =2 if the particle a! is a pion, 7 = 1 otherwise, and k is the decay momentum evaluated in the parent rest frame. There is a question as to whether k should be evaluated with the pion mass taken as zero or physical.
We have chosen to use the former, thus implying 
The superscripts on the summation symbols refer to (1) (12), is the existence of contributions not expressible in terms of decay widths or cross sections. These terms are known only in special'cases -more often, we lack even a reasonable theoretical estimate of them. It is this, along with the fact that these terms become more numerous (albeit finite in number) as the mass of the state chosen for a! is increased, which constitutes the major limitation in confronting the sum N+ (938): This is naturally the case for which, of all the hadrons, the most data is available. Numerics are exhibited in Table Ja 
Unfortunately, it is not realistic to expect an experimental determination of fA.
Rather than anticipate Eq. (17) will provide a good value for fA provided that we assume the above numbers already saturate the sum rule, we prefer instead to adopt the more conservative stance of testing the degree of saturation in (1.7)
by obtaining some estimate of fA. This is done by first expressing fA in terms of the coupling constant grAA via a Goldberger-Treiman relation and then using SU(6)w to relate grAA to the known quantity grNN. We find fl z 2.1, where- 
-10 -Naturally, for the more massive states CY, the amount of data pertaining to resonances which decay into a! plus a pion gets scarcer. This explains the pau&y of numerical information in Eq. (18) relative to that in Tables Ia and lb. However, this does not constitute a fundamental difficulty like the discrete contributions just discussed. If experiments in hadron spectroscopy continue, we can hope that transitions from one higher resonance to another can ultimately be unravelled. This is not easy but at least it is possible. At any rate all we can infer from the numbers in Eq. (18) is that the sum of the discrete contributions equals 1.1, given the nucleon and A(1233) contributions.
8+(1189):
This state is of interest because it has the lowest mass for which the sum rule (12) is testable in a channel with non-zero strangeness and baryon numbe 1: one . There are two discrete contributions, so that the sum rule reads
We use SU(3), with an F/D parameter Q! = 2/3, to estimate the quantities F+x") gA and gf+A). The resonance contributions are exhibited in Table Ic 
where we have used SU(3) to estimate the E-(discrete) contributions. Equation (22) sums to 0.37 -f . . . = 1, so the dominant contributions to the Z" sum rule remain to be detected. We can only await a correct interpretation of the resonant behavior around energy 1820 MeV, which has for so long resisted efforts at classification. This concludes our survey of the baryon sum rules. Further comments on the analysis just presented are reserved for the
Conclusion.
In the next Section, we consider an algebra, which at first sight, appears amenable to a similar treatment. The widths and cross sections are seen to add whereas in Eqs. (12) and (13) they contribute with opposite relative sign. This is not a mistake, but rather reflects the behavior of the commutation relation (4) under the interchange (+ --). Of greater significance is that, given existing estimates (e. g. , Regge) of the asymptotic behavior of hadronic cross sections, our formulae for the sigma-operator matrix elements are seen to diverge. Even if these asymptotic estimates turn out to be wrong and the integrals in (32) actually converge, the situation is still bleak because the dominant contributions to (30) and (32) are of the wrong sign. 18 As an example, the resonances exhibited in Table Ia give 
where the quantity -?;4(q2,0) is that part of Ti(q2,O) which varies as q -4 in the limit q2 -00. At this point, the situation for expressing < a! lo la! > in terms of measurable quantities admittedly looks hopeless.
One way out of this impasse is to conjecture the existence of J =0 fixed However, the triumph is rather hollow because even for the nucleon, the structure function F4 will be extremely difficult to measure. That is, the formula (46), while sound in principle, is not likely to be of any use in practice.
-2l-
IV. VACUUM MATRIX ELEMENTS
Thus far, we have studied diagonal single-particle matrix elements of the axial-charge and sigma operator commutation relations. The sum rules thereby generated are expressible in terms of pion cross sections and structure functions pertaining to neutrino-induced processes. We have shown that at least two of the axial-charge sum rules are almost entirely saturated by single particle intermediate states and that several others give promise of behaving accordingly as more data becomes available.
In this Section, we allow one or both of the external states to be the vacuum. 22 Again, we focus on the contributions of the single particle intermediate states and also clarify the physical content of the'algebra sum rules. There is nothing outlandish about the results just derived, They are in qualitative accord with estimates of c and F?/Fe arising from, at least, 24 nominally different approaches.
In fact, given the structure of the vacuumvacuum matrix elements, dominance of the r, K, E states in the relations (52)-(56) can be given an aura of respectibility by appealing to the "near-by singularity" argument of analytic function theory. However, in our opinion, justification for these single-particle truncations is not so clear. Unfortunately, because of the difficulty in detecting low spin hadrons with high mass and then revealing their properties, it is not likely that more than a few intermediate states can be explicitly taken into account in the vacuum-vacuum sum rules (48).
Thus, calculable corrections to these relations are not expected to be forthcoming. This is in marked contrast to the sum rules of Section II. Moreover, the "near-by singularity" justification mentioned above is probably specious. where a! appears in a final state will be needed. These are hard to measure.
-28 -Moreover, the number of non-measurable contributions will increase. Whether our theories of hadrons will improve enough to allow calculation of these is a c, matter of conjecture.
The work of Section III essentially speaks for itself and warrants little discussion here. While' it is commendable to see that the q2 = 0 sigma-operator sum rule can be written in such a way that its original diseases are cured, the resulting phenomenological disfigurement is such that the sum rule loses almost all its attractiveness . In particular, the low energy pion-nucleon system will remain the best area in which to attempt determination of the nucleon matrix element of the sigma operator.
Despite the rather extensive employment by previous workers of the vacuum-vacuum and vacuum-single particle sum rules of the general type in Section IV, it is our conclusion that these systems are far from being under theoretical control. At the very least, the probable need for subtraction constants 25 in the (3,3*) f (3" ,3) propagators is an ominous signal that the usual truncation procedures adopted might be inadequate. In addition, there is the recent ee annihilation data, which, for example, shows that the p contribution to Weinberg's first sum rule is only l/30 that of the higher mass continuum 27 in the vector current propagator probed so far by the experiments. It remains to be seen whether other calculations based on single particle dominance of the vacuum-vacuum and vacuum-single particle matrix elements will fail so resoundingly.
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